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Rossby and Poincare waves appear naturally in the study of large scale oceano- 
graphy Poincare waves (PW) , of period of the order of a day are fast dispersive 
waves and are due to the rotation of the Earth through the Coriolis force. Much 
slower, Rossby waves (RW) are sensitive to the variations of the Coriolis parameter, 
propagate only eastwards and remain localized for long period of times. We would 
like here to report on some new results, obtained in collaboration with C. Cheverry, 
I. Gallagher and L. Saint-Raymond [1, 2, 3] studying this phenomenon, dispersivity 
of PW and trapping of RW, as a consequence of the study of the oceanic waves in 
a shallow water flow subject to strong wind forcing and rotation, linearized around 
a inhomogeneous (non zonal) stationary profile. The main feature of our results, 
compared to earlier ones, [5, 7, 4] to quote only very few of them, consists in the 
fact that we abandon both the betaplane approximation (constant Coriolis force) 
and the zonal aspect (non dependence w.r.t. the latitude) of the convection term 
(coupling with the wind). 

After some scalings and dimensional homogenizations, the Saint- Venant system 
of equations for the variations rj, u near a constant value of the height h and 
divergence free stationary profile of velocity u takes the form (see [2, 3] for details) 

, , Otr; + iV ■ u + « ■ Vj) + e^V • (?;u) = 

•' Otu + -^fcu^ + iV?? + M ■ Vu + « • Vii + e^u ■ Vti = 

where b is the horizontal component of the Earth rotation vector normalized to 
one and measures the Coriolis force. 

The linear version of (1) reads (here D := i9 and x = (a;i, 2:2) G K.^): 

(2) e^idt-v + A{x,£D,e)^f = Q, v = (uq, wi, W2) = ('7. ""ij ""2), 
with the linear propagator 

/ eu ■ eV edi ed2 \ 

(3) A{x,eD,e) := i { edi eu ■ eV + diui + £^92"! 

\ ec?2 b + e^diU2 eU ■ eV + s^d2U2 J 

We will concentrate on (2) with the condition that, essentially, b is increasing 
at infinity with all derivatives bounded in module by |6| and only non degenerate 
critical points. Moreover u will have to be smooth with compact support. 

A simplified version of our main result reads as follows (see [3] for details). 

Theorem 1. Under certain microlocalization properties of the initial condition, 
the solution Vg(t) = Ve(t, .) of (2) decomposes on two Rossby and Poincare vector 
fields Vs{t) = v^(t) -I- v^{t) satisfying 

• Vi > 0, V51 compact set o/R^, 

(4) ||vf(t)|U.(o)=0(e°°) 

• 3Q bounded set of M such that, Vi > 

(5) l|vf(i)||L^(E,^x(K\n).,)=0(^°°). 



Theorem 1 shows clearly the different nature of the two type of waves: dispersion 
for Poincare and confining in for Rossby. The method of proving Theorem 1 will 
consist in diagonalizing the "matrix" A{x, sD, e). Such diagonalization, if possible, 
would immediately solve (2) by reducing it to the form e^idtU + D{x, sD, e)u = 
with D{x,eD,e) diagonal and solving it component by component. Diagonalizing 
matrices with operator valued entries is not a simple task, but our next result will 
show how to achieve it modulo e°° in the case of matrices with e-semiclassical type 
operators entries. 

To any (regular enough) function Ae ^ Ylo' e'-^/ on M^" = T*]R", possibly ma- 
trix valued, we associate the operator (densely defined) on L^(R") defined by: 

/ ^ AJ, {AJ){x) = /^,(£±H,Oe*^/(y)^. 
Ae is called the symbol of A^ and A^ the (Weyl) quantization of Ae- 

Let Ae be such NxN operator valued matrix of symbol Ae ^ s^Ai- We will 
suppose that Ao{x,(,) is Hcrmitian and therefore is diagonalizable (at each point) 
by U = h{{x,£,), WAqU — diag(Ai, . . . , \n) '■— T^- We will suppose moreover that 

(6) V(x,0, Vz^j, |A,(x,C)-A,(x,e)| >C>0. 

Theorem 2 ([3]). There exist Ve semiclassical operator and De diagonal (w.r.t. 
the NxN structure) such that 

Ve'^AeVe = De + 0{e°°) and V;Ve = /di2(Kn,c«) + 0{e°°) = VeV; + 0{e°°). 

Moreover De = D + eDi + 0{e'^), where D is the Weyl quantization ofV and Di 
is the diagonal part o/(Ai — HL^tliR^j yjUfi (jj J)eing the Weyl quantization ofU) 

(I) ^1 = U=Oi '1 = U=o- 

Let us go back now to the case given by (3). One checks easily that A{x, eD, s) 
is of semiclassical type. Its symbol is 

(8) A{x,^,e)=\ ii su-i + s'^diui -b + e^SsMi = «i -6 + 0(e). 

V |2 b + s^diU2 eu-i + e^a2U2 J \ ^2 b J 

The spectrum of the leading order A{x, ^, 0) is { — + 5^(x2), 0, + b'^{x2)}- 

Therefore Condition (6) is satisfied only if + b^{x) > C > which corre- 
spond to the microlocalization condition in Theorem 1. Theorem 2 gives, af- 
ter a tedious computation, that A{x,£D,e) is unitary equivalent (modulo e^) 
to the diagonal matrix diag(T+, T-'^, T^) where T"^ is the Weyl quantization of 
r^(a;, ^) := ±^/^'^\^W{x2) and is the quantization of the Rossby Hamiltonian 
r'^ix^i) :=e{^^^+u{x).0. 

Under the betaplane approximation, b{x2) — (3x2, the Hamiltonians are 
exactly solvable and one shows by hand the dispersive effect for the Poincare 
waves. In our situation this doesn't work, and because of the £^ term in the r.h.s. 
of (2) the method of characteristics does not apply. A general argument, inherited 
form quantum mechanics will provide us the solution. First we remark that the 
Poisson bracket {t^,xi} = ^i/t^- This indicates, at a classical level, that xi has 
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a sign for each Poincare polarization, leading to no return travel. The following 
theory, due to Eric Mourre, gives the "quantum" equivalent of this argument. 

Let H and A be two self-adjoint operators on a Hilbert space V. such that: the 
intersection of the domains of H and A is dense in the domain of 77, t i— )■ e'*"^ 
maps the domain of H to itself and supjQ ||-ffe**^(p|| < cxd for in the domain 
of H, and A] is bounded from below, closable and the domain of its closure 
contains the domain of H. Finally let us suppose the following 
Positivity condition: there exist 6* > and an open interval A of M such that 
if Ea is the corresponding spectral projection of H, then 

(9) EAi[H,A]EA>eEA, 

namely i[H, A] > on any spectral interval of H contained in A. 

Theorem 3 (E. Mourre '80, [6]). For any integer m e N and for any 6' g]0,9[, 
there is a constant C such that 

\\X-{A -a- e't)e-'"'g{H)x+{A - a)\\ < Ct'^ 

where x± is the characteristic function ofM.^, g is any smooth compactly supported 
function in A, and the above bound is uniform in a gM.. 

In other words, to talk in the quantum langage, if one starts with an initial 

condition Lp such that "A > a" and the positivity condition (9) holds, after any 
time t the "probability" that "A < 9't" is of order In particular, as f — oo 

the solution e~'^*y escape from any compact spectral region of A. 

Taking A = xi, Theorem 3 gives, after verification that it applies, exactly 
the "Poincare" part of Theorem 1. The "Rossby part" is given by using the 
bicharacteristic method and a small computation done in [3] which shows that 
bicharacteristics are trapped in finite regions in the latitude {X2) direction. 

Let us mention to finish that the nonlinear terms can be handled by using a 
"L°°" Gronwall Lemma and working in some anisotropic and semiclasical Sobolev 
spaces, so that the solution of (1) is close to the one of (2) as £ — > 0. 

References 

[1] C. Cheverry, I. Gallagher, T. Paul & L. Saint-Raymond, Trapping Rossby waves, Notes aux 

Comptes-Rendus de I'Academie des Sciences de Paris, 347 (2009), no. 2, pages 879-884. 
[2] C. Cheverry, I. Gallagher, T. Paul & L. Saint-Raymond, Semiclassical and spectral analysis 

of oceanic waves, Duke Math. Journal, 161 (2012), pages 845-892. 
[3] I. Gallagher, T. Paul & L. Saint-Raymond, On the propagation of oceanic waves driven by a 

macroscopic current, "Nonlinear Partial Differential Equations- The Abel Symposium 2010" 

H.Holden, K.Karlsen (Eds.), Abel Symposia, 7 (2012), Springer . 
[4] I. Gallagher & L. Saint-Raymond, Mathematical study of the betaplane model: equatorial 

waves and convergence results. Mem. Soc. Math. Pr. (N.S.) 107 (2006). 
[5] E. Grenier: Oscillatory Perturbations of the Navier-Stokes Equations, Journal de 

Mathematiques Pures et Appliquees, 76 (1997), pages 477-498. 
[6] A. Jensen, E. Mourre & P. Perry, Multiple commutator estimates and resolvent smoothness 

in quantum scattering theory, Annales de I'lHP, section A, 41 2 (1984), pages 297-225. 
[7] S. Schochet: Fast Singular Limits of Hyperbolic PDEs, Journal of Differential Equations, 

114 (1994), pages 476-512. 

3 



